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For quadrupolar nuclei with spin quantum numbers equal to 3/2, 5/2 and 7/2, the intensities of the NMR
transitions in a single crystal are examined as a function of the rf excitation flip angle. Single-quantum
NMR intensities are calculated using density matrix theory beginning under various non-equilibrium
conditions and are compared with those determined experimentally. As a representative spin-3/2 system,
the flip-angle dependence of the 23Na NMR intensities of a single crystal of NaNO3 was investigated
beginning with the inversion of the populations associated with one of the satellite transitions. Subse-
quently, the populations of both satellite transitions were inverted using highly frequency-selective
hyperbolic secant pulses. Calculated and experimental intensities are in good agreement. As an example
of a spin-5/2 system, the flip-angle dependence of the 27Al NMR transition intensities was determined
using a single crystal of sapphire, Al2O3, starting under different nuclear spin population conditions.
The experimental trends mimicked those predicted by the density matrix calculations but the agreement
was not as good as for the spin-3/2 case. Some SIMPSON simulations were also carried out to confirm the
results generated by our density matrix calculations. The theoretical flip-angle behavior of the NMR tran-
sition intensities obtained from a spin-7/2 spin system is also discussed.

� 2009 Elsevier Inc. All rights reserved.
1. Introduction

In pulse Fourier transform, FT, NMR, radio-frequency pulses are
applied to a nuclear spin system to yield a free induction decay re-
sponse in the time domain which is then Fourier transformed to pro-
duce the spectrum in the frequency domain [1–4]. The FT NMR
experiment generally begins with the nuclear spin system at ther-
mal equilibrium, thus the resulting NMR spectrum is representative
of the true initial population differences of the energy levels involved
in the transition(s). Under these conditions there is a one-to-one
correspondence between the spectra generated via the FT and the
continuous wave, cw, NMR methods. However, many liquid- and so-
lid-state NMR experiments may begin in a non-equilibrium thermal
state. For example, spin-tickling [5–7], difference nuclear Overhaus-
er enhancement [8,9], chemically induced dynamic nuclear polari-
zation CIDNP [10,11], and sensitivity enhancement experiments
involving half-integer spin quadrupolar nuclei in solids [12–20], all
begin with non-equilibrium conditions. In these situations, the
resulting relative spectral intensities may be distorted and depend
upon the observe pulse flip angle, the so-called ‘‘flip-angle effect”,
well known in the liquid-state NMR literature [6,21–26]. The impor-
tance of this flip-angle effect has been largely overlooked in the so-
ll rights reserved.
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lid-state NMR literature except in the early application of two
dimensional, 2D, nutation spectroscopy [27,28] in which the width
of the rf pulse is varied as the t1 increment and the central transition
is observed in the t2 domain. The shape of the resulting 2D spectrum
depends upon the ratio of the quadrupolar coupling constant and the
applied rf field strength.

Investigation of the ‘‘flip-angle effect” in solid-state NMR is
timely, especially now that the application of sensitivity enhance-
ment techniques for observing the central NMR transition of half-
integer spin quadrupolar nuclei [12–17,19] contained in powders
have become routine. These enhancement techniques require that
the populations of the energy levels associated with the satellite
transitions, STs, be inverted prior to observation of the central tran-
sition, CT, and therefore clearly involve a starting state that is not
in thermal equilibrium.

Grandinetti et al. [29] have recently shown that the CT enhance-
ments obtained for powdered samples using these population
transfer techniques depend upon the power level used for the ob-
serve pulse. The higher the rf power of the CT conversion pulse, the
lower the enhancement. The experimental observations were
reproduced theoretically using numerical density matrix calcula-
tions [30].

For non-integer spin quadrupolar nuclei, single crystals serve as
useful models to investigate CT enhancement experiments that
involve population inversion of STs [12,13,16,17]. In these
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experiments, it is generally reported in the existing literature that a
non-selective hard pulse is used but without indicating the exact
flip angle [12,16,17]. When we first began using hyperbolic secant,
HS, pulses [31–38] for inversion of the spin populations associated
with the outer STs for sensitivity enhancement of spin-3/2 nuclei
contained in single crystals, we noticed an extreme flip-angle
dependence of peak intensities [12]. For example, to indicate that
the populations of the satellite transitions of 23Na were inverted
using HS pulses, approximately a 10� non-selective observe pulse
was used as shown on the left column in Fig. 1. In Fig. 1a is shown
the normal 23Na NMR spectrum; in 1b and 1c, the spectra obtained
when the high frequency satellite and both satellite populations
are inverted with HS pulses, respectively. Counter intuitively, if a
non-selective 90� observe pulse is used after the high frequency sa-
tellite is inverted, the resulting spectrum would have an intensity
ratio of 1.5:1.0:1.5 (Fig. 2b). Similarly, a spectrum with intensity
ratio of 1.0:0.0:1.0 would result if a non-selective 90� observe
pulse was applied after both satellite populations were inverted.
Using selective 90� pulses as shown in the right-hand column in
Fig. 1 provides the expected enhancement in CT intensity [12,13].
Nowhere in the solid-state NMR literature could we find an ade-
quate description of the experimental pulse angle effects that we
observed using non-selective pulses for single-crystal samples
when the nuclear spin state did not start at thermal equilibrium.

Schmidt [39], however, and subsequently Man and coworkers
[40] have reported that for a spin-3/2 system initially at thermal
equilibrium, the single-quantum transitions in either a cw or
non-selective pulse experiment have relative intensities
0.3:0.4:0.3 [41,42] for a quadrupolar perturbed system, with the
normalized total intensity being equal to 1. For a selective 90�
050 -50
kHz
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Fig. 1. 23Na NMR spectra from a single crystal of NaNO3 obtained with non-selective, har
and d, no HS pulse applied, b and e, inversion of the populations of the high frequency sa
are shown on the right for the selective 90� pulse experiments.
pulse applied to each transition, the relative intensities become
0.173:0.200:0.173, significantly smaller than those obtained in
the non-selective experiment [43]. Schmidt has also calculated
and tabulated the theoretical intensities for each transition for nu-
clei with spin quantum numbers from I = 1/2 to 7/2, which have
been reproduced in two articles [40,43]. These calculations begin
with the assumption that initially the nuclear spins are at thermal
equilibrium. To our knowledge, researchers have not predicted the
flip-angle dependence of the relative intensities of the transitions
within systems containing spins with I > 1/2 when not starting
from thermal equilibrium.

The success of using density matrix calculations to simulate the
NMR spectra obtained from a loosely coupled two spin-1/2 spin sys-
tem in liquids has been previously shown by Farrar [44,45]. In this
report we wish to demonstrate that density matrix calculations
can reproduce the experimentally observed flip-angle dependence
of NMR peak intensities for half-integer quadrupolar nuclei of
spin-3/2, -5/2, and -7/2 in single crystals starting under non-equilib-
rium conditions. The resulting experimental nutation curves for the
spin-3/2 and -5/2 cases are first of all very interesting in themselves
but also have important implications when employing sensitivity
enhancement techniques for observing the NMR CT for these half-
integer spin quadrupolar nuclei in powdered samples [29].

2. Theory

The magnetization behavior of a spin-1/2 system during an
NMR experiment may be followed using density matrix calcula-
tions by finding the expectation values of the three spin-1/2 oper-
ators: Ix, Iy and Iz. For a nuclear spin system with I > 1/2, each
1.0

2.0

3.0

050 -50
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90º selective pulse

d pulses (left column, a–c) and with selective 90� pulses (right column, d–f); with a
tellite and c and f, with inversion of both satellite transitions. Enhancement factors
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component of the magnetization may be partitioned into individ-
ual contributions which may be represented in terms of ‘‘fictitious
spin-1/2 operators” [46–50]. For example, the x-magnetization, Mx,
for a spin-3/2 system may be decomposed into contributions from
the three single-quantum transitions associated with the two STs
(i.e., mI = 3/2 ? mI = 1/2 and mI = �1/2 ? mI = �3/2) and the CT
(mI = 1/2 ? mI = �1/2). The magnitude of the x-magnetization
components of the STs can be found by finding their expectation
values using the fictitious spin-1/2 operators I1;2

x and I3;4
x and for

the CT with I2;3
x with similar expressions for the y- and z-magneti-

zations. The superscripts on the operators indicate the initial, i, and
final, j, energy levels using the following basis set:

j1 >� j3=2 >; j2 >� j1=2 >; j3 >� j � 1=2 > and j4 >
� j � 3=2 > : ð1Þ

The matrix representation for the fictitious spin-1/2 operators, Ii;j
x ,

for a spin-3/2 system are given by [46,48–50]:

I1;2
x ¼

0 1=2 0 0
1=2 0 0 0

0 0 0 0
0 0 0 0

0
BBB@

1
CCCA; I2;3

x ¼

0 0 0 0
0 0 1=2 0
0 1=2 0 0
0 0 0 0

0
BBB@

1
CCCA;

I3;4
x ¼

0 0 0 0
0 0 0 0
0 0 0 1=2
0 0 1=2 0

0
BBB@

1
CCCA:

In the high-temperature approximation, following the notation of
Man [50], the thermal equilibrium density matrix for a spin-3/2 sys-
tem is given by q(0) = Iz, which may be represented as:

qð0Þ ¼ Iz ¼

3=2 0 0 0
0 1=2 0 0
0 0 �1=2 0
0 0 0 �3=2

0
BBB@

1
CCCA: ð3Þ

The values along the diagonal reflect the excess populations within
each nuclear energy level [41].

The evolution of the density matrix during pulses or delays is
described by the Liouville-von Neumann equation given by [3,51]:

dqðtÞ=dðtÞ ¼ �i½H;q�; ð4Þ

with the solution being:

qðtÞ ¼ e�iHtqð0ÞeiHt; ð5Þ

where H represents the effective Hamiltonian during a pulse or free
precession. For a non-selective pulse along the y-axis of duration t,
H may be represented as cB1Iy/2p when cB1/2p (the strength of the
radio frequency field) � the internal interactions (i.e., the quadru-
polar, the dipolar and/or the anisotropy of the magnetic shielding).
The exponential term, i.e., exp(icB1t/2p), may be cast in matrix form
and represented by the Wigner rotation matrix, D, which for a spin-
3/2 nucleus [52,53] is a 4 � 4 matrix given by [54]:

D ¼

C3 �
ffiffiffi
3
p
ðC2SÞ

ffiffiffi
3
p
ðCS2Þ �S3

ffiffiffi
3
p
ðC2SÞ C3 � 2CS2 S3 � 2SC2 ffiffiffi

3
p
ðCS2Þffiffiffi

3
p
ðCS2Þ 2C2S� S3 C3 � 2CS2 �

ffiffiffi
3
p
ðC2SÞ

S3 ffiffiffi
3
p
ðCS2Þ

ffiffiffi
3
p
ðC2SÞ C3

0
BBBB@

1
CCCCA ð6Þ

where C = cos(h/2) and S = sin(h/2). The angle h represents the rota-
tion angle about the y-axis of the z-magnetization following the rf
pulse applied along the y-axis. The corresponding Wigner rotation
matrices for I = 5/2, 7/2, and 9/2 (the spin-9/2 matrix was adapted
from Ref. [55]) are given in the Appendix. The initial density matrix
after a pulse of duration t, changes according to:
qðtÞ ¼ Dqð0ÞD�1; ð7Þ

where D�1 represents the transposed complex conjugate of the
rotation matrix, D. In order to determine the intensities of each of
the spin-3/2 NMR transitions, Mi;j

x , immediately after a pulse of rota-
tion angle, h, we simply calculate the expectation values for Mi;j

x

using the operators I1;2
x , I2;3

x , and I3;4
x for the three single quantum

transitions given above. The operator for the total angular momen-
tum in the x direction, Ix, in terms of the fictitious spin-1/2 opera-
tors is given by [46]:

Ix ¼
ffiffiffi
3
p
ðI1;2

x þ I3;4
x Þ þ 2I2;3

x : ð8Þ

(An alternative description of Ix, Iy and Iz is to use the raising and
lowering operators as described by Man [50] ). Thus, the intensities
of the magnetizations expected for each transition for a spin-3/2
nucleus are proportional to [3,44–46,50,51]:

hM1;2
x i / Tr qðtÞ

ffiffiffi
3
p

I1;2
x

n o
; ð9Þ

hM2;3
x i / Tr qðtÞ2I2;3

x

n o
; ð10Þ

and

hM3;4
x i / Tr qðtÞ

ffiffiffi
3
p

I3;4
x

n o
; ð11Þ

where Tr indicates the trace of the matrix resulting from the prod-
uct of the density matrix after the pulse and the indicated operators.

For selective pulses, the time required for a 90� pulse, s90, must
be sufficiently long such that s90D� 1, where D represents the fre-
quency separation between any adjacent transitions [39]. In this
case, only the selected transition will be perturbed leaving all oth-
ers undisturbed. Thus, following Schmidt’s treatment [39], instead
of the general Wigner rotation matrix used above for a spin-3/2
system, for a non-selective excitation, to represent a selective pulse
effecting a transition between mi ? mj, a 2 � 2 rotation matrix is
used; this rotation matrix is simply the Wigner rotation matrix
used for a spin-1/2 nucleus. More specifically, for a h rotation for
which the transmitter is positioned to only excite the mI = 3/2 to
mI = 1/2 transition, the rotation matrix can be represented with
the elements D1;1 ¼ D2;2 ¼ cosðh=2Þ and D1;2 ¼ �D2;1

¼ � sinðh=2Þ, as shown below:

D ¼
cosðh=2Þ � sinðh=2Þ
sinðh=2Þ cosðh=2Þ

� �
ð12Þ

and for this case the initial density matrix will be:

qð0Þ ¼
3=2 0
0 1=2

� �
: ð13Þ

Similarly, for selective excitation of the central transition, i.e.,
mI = 1/2 ? mI = -1/2, the Wigner rotation matrix is identical to Eq.
12 but the initial density matrix is:

qð0Þ ¼
1=2 0
0 �1=2

� �
: ð14Þ

A similar initial density matrix is created to represent the selective
rotation occurring between the energy states 3–4 which corre-
sponds to the other satellite transition. Calculations for the expecta-
tion values for the components of the x-magnetization are as
described above in Eqs. (9)–(11).

The initial density matrix representing inversion of the popula-
tions of a nuclear spin state may be created by inverting the appro-
priate elements in the thermal equilibrium density matrix. For
example, if the populations associated with ST1, or M1;2

z , of a
spin-3/2 nucleus were inverted whether by a selective HS pulse
or by any other method [56], the calculations would begin with
the initial density operator, in Eq. 3, with elements q1,1 and q2,2
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interchanged, with the remaining elements unchanged as shown in
the matrix below:

qð0Þ ¼ Iz ¼

1=2 0 0 0
0 3=2 0 0
0 0 �1=2 0
0 0 0 �3=2

0
BBB@

1
CCCA ð15Þ

All calculations were performed assuming perfect, ideal inversion
pulses for which no off-diagonal density matrix elements are gener-
ated, except where noted. Also, our calculations assume no relaxa-
tion of the nuclear spins during the pulses.

Under the effects of a non-selective rf pulse, general analytical
equations for the nutation behavior of the x-magnetization associ-
ated with the satellite, M1;2

x , and central, M2;3
x , transitions for a spin

3/2 nucleus are proportional to the 1,2 and the 2,3 elements,
respectively (see Eqs. (9)–(11)), of the density matrix after the
pulse, q(t), and these are given by:

q1;2ðtÞ ¼
ffiffiffi
3
p

q1;1ð0ÞC
5S� q2;2ð0ÞðC

5S� 2C3S3Þ
h

þq3;3ð0ÞðCS5 � 2C3S3Þ � q4;4ð0ÞCS5
i

ð16Þ

and

q2;3ðtÞ ¼ 3q1;1ð0ÞC
3S3 þ q2;2ð0ÞðC

3 � 2CS2Þð2C2S� S3Þ

þ q3;3ð0ÞðS
3 � 2SC2ÞðC3 � 2CS2Þ � 3q4;4ð0ÞC

3S3 ð17Þ

where q1,1(0), q2,2(0), q3,3(0) and q4,4(0) represent the elements of
the initial density matrix. Substituting in the various starting popu-
lation distributions into Eqs. 16 and 17 and determining the values
of q1,2(t) and q2,3(t) as a function of the flip angle will yield the
nutation curves (see below).

3. Experimental

All experiments were performed using a Bruker Avance 300
NMR spectrometer with a standard Bruker 4 mm MAS probe. At
this field strength, 7.05 T, the resonance frequencies of 23Na and
27Al are 79.46 and 78.27 MHz, respectively. Sodium nitrate,
NaNO3, was obtained commercially and single crystals were
grown from a saturated aqueous solution. A sapphire rod, Al2O3,
of about 1 cm in length and 3 mm in diameter was used for the
27Al NMR study. The rod was purchased commercially. The single
crystals were placed in 4 mm rotors. Four scans and a relaxation
delay of 30 s were used to acquire the 23Na NMR spectra and one
scan was used to obtain the 27Al NMR spectra. For the latter,
160 s recycle delays were necessary when optimizing the experi-
mental parameters used for inversion of the nuclear spin popula-
tions with HS pulses. The HS pulse shapes were created with the
standard software package supplied by Bruker. The density ma-
trix calculations were performed using a PC with the standard
Microsoft Excel program. The theoretical results were also dupli-
cated using SIMPSON [57] on a cluster of nine PC processors.
Experimentally determined intensities were measured as peak
heights and divided by a suitable weighting factor when com-
pared to the calculated intensities.

4. Results and discussion

4.1. Spin-3/2

A single crystal of NaNO3 was placed in the magnetic field at a
random orientation such that the three transitions were separated
from each other by approximately 51 kHz and each having a width
at half-height of approximately 1800 Hz (see Fig. 2a). Using hard rf
pulses, a pw 90� array [58] was performed with the transmitter
positioned directly on resonance of the CT and the higher fre-
quency ST intensities were found to maximize simultaneously at
a pulse width value of 1.75 ls. The lower frequency ST, however,
maximized at a slightly longer pulse width of 2.25 ls, even though
one might expect all transitions to maximize at the identical pulse
width at very high power levels [39]. To eliminate off-resonance
effects, the transmitter frequency was positioned on top of each
resonance and the pw array was repeated. In these experiments,
the selected resonance maximized in intensity at 1.75 ls, as ex-
pected. So, when starting under thermal equilibrium conditions,
each resonance showed a smooth monotonic sine dependence of
the peak intensity versus pulse angle with slight phase distortion
at the larger pulse angles, thus showing the expected intensity ver-
sus pulse angle dependence [58].

Shown in Fig. 2 are the 23Na NMR spectra obtained using a non-
selective (non-sel.), 90� pulse beginning with: (a) the nuclear spin
populations at thermal equilibrium, (b) inversion of the populations
associated with one of the STs, using a single-frequency HS pulse
prior to the observe pulse and (c) with both populations of the
ST1s inverted using a double-frequency HS pulse prior to the observe
pulse. The peaks for the three single-quantum transitions in the
spectra shown in Fig. 2a have relative intensities of 3.15:4.00:3.15,
in Fig. 2b of 3.24:2.00:3.24, and in Fig. 2c of 3.00:0.20:2.5. It is inter-
esting to observe that with a 90� non-sel. pulse, the CT intensity is
near zero when the populations associated with both of the ST1s
are inverted while a �1.1:5.3:�1.0 intensity ratio is observed using
a 10� pulse (Fig. 1c). This observation is consistent with those re-
ported by Grandinetti et al. [29] for powdered samples. The intensity
of the CT observed using a selective 90� pulse, however, is enhanced
by a factor of three over the thermal equilibrium situation when both
the populations of the outer transitions are inverted as shown on the
right-hand column in Fig. 1 [12].

The pulse-angle dependence of the 23Na NMR intensities from
the single crystal of NaNO3 starting with the populations of both
ST1s inverted using a double-frequency HS pulse was determined
and the results of this experiment is summarized in Fig. 3 and com-
pared with those determined using the density matrix calculations.
The experimental intensities were scaled to match the theoretical
values and the scaling factor was the same for each spectrum.
Agreement between theory and experiment is excellent. The rf
pulse width was varied from a value of 0.2 ls in steps of 0.2 ls
with a non-sel. 90� pulse equal to 2.0 ls. At very low values of
the pulse angle, the outer transitions have negative intensity rela-
tive to the CT with maximum negative intensity occurring with a
pulse width of 0.6 ls (a flip angle, h, of approx. 27�) then become
positive around a value of 1.0 ls (a flip angle h � 45� pulse angle).
The intensities continue to increase until a value of 2.0 ls corre-
sponding to a 90� pulse. The CT intensity increases initially, maxi-
mizing in intensity at about 0.8 ls, then decreasing to near zero
with a 90� pulse. The only spectra indicating that the populations
of the outer transitions are inverted occur for values of the pulse
flip angle between 9� and 36� (i.e., 0.2–0.8 ls) consistent with
our initial observations [12].

The theoretical intensities calculated using the density matrix
formalism discussed in the theory section are listed in Table 1 for
each transition of a spin-3/2 nucleus as a function of the flip angle
using non-selective ‘‘observe” pulses. Three initial conditions are
considered. First starting from thermal equilibrium, next with the
populations of one ST1, M1;2

z , inverted and finally with both the
populations of the ST1s, M1;2

z and M3;4
z , inverted.

Using the density matrix calculations outlined in the theory sec-
tion for selective pulses, a comparison of the relative intensity ra-
tios obtained from a non-sel. or sel. 90o pulse for each transition
starting at thermal equilibrium is in agreement with those pub-
lished by Schmidt [39]. When employing a sel. versus a non-sel.
90� pulse, we obtain a ratio of the intensities of 1.73/3.00 = 0.58
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Fig. 2. 23Na NMR spectra from a stationary single crystal of NaNO3 determined with a 2.0 ls pulse (a non-sel. 90� pulse) starting at (a) thermal equilibrium, (b) with inversion
of one ST1 using a hyperbolic secant pulse (bandwidth of 2 kHz and a duration of 1 ms) and (c) with inversion of both ST1s. Four scans per spectrum with a relaxation delay of
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Table 1
Calculated intensities of the three transitions for a spin-3/2 nucleus using non-
selective rf pulses from 9� to 90� under three different initial conditions.

Thermal equil.a Invert M1;2
z Inverta M1;2

z and M3;4
z

Flip angle M1;2
x M2;3

x M1;2
x M2;3

x M3;4
x M1;2

x M2;3
x

9� 0.47 0.63 �0.45 1.22 0.47 �0.45 1.83
18� 0.93 1.23 �0.79 2.29 0.97 �0.75 3.35
27� 1.36 1.82 �0.93 3.07 1.49 �0.80 4.32
36� 1.76 2.35 �0.82 3.48 2.03 �0.55 4.62
45� 2.12 2.83 �0.44 3.54 2.56 0.00 4.24
54� 2.42 3.23 0.16 3.30 3.01 0.75 3.36
63� 2.67 3.56 0.90 2.89 3.33 1.57 2.21
72� 2.85 3.80 1.69 2.45 3.46 2.30 1.09
81� 2.96 3.95 2.42 2.12 3.35 2.81 0.29
90� 3.00 4.00 2.99 2.00 3.00 3.00 0.00

a For these cases the intensity of M1;2
x is equivalent to M3;4

x .
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for transition M1;2
x and 2.00/4.00 = 0.5 for M2;3

x ; Schmidt reported
identical ratios. Density matrix calculations using selective pulses
were also performed beginning with the inversion of M1;2
z and with

simultaneous inversion of M1;2
z and M3;4

z . The maximum enhance-
ment for the CT using a sel. 90� pulse occurs when the populations
of both ST1s are inverted, in agreement with experiment (see
Fig. 1). Using a non-sel. 90� pulse starting at thermal equilibrium
yields the same intensity for the CT as using a sel. 90� with a single
ST1 inversion, i.e., an intensity of 4.00. It is interesting to note,
however, that in order to obtain the maximum intensity, 4.62,
using a non-sel. pulse, the observe rf flip angle is 36� with both
ST1s inverted; this is shown in Table 1. Finally, the intensities of
M2;3

z shown in Fig. 1 (selective pulse) are reproduced by the density
matrix calculations.

4.2. Spin-5/2

The 27Al NMR spectrum obtained for a single crystal of sapphire
consisted of five peaks which were separated by approximately
30 kHz, each having a width at half-height of approximately
6 kHz (see Fig. 4). Schmidt [39] and Man [40] have shown that
the relative intensities of the five transitions of a spin-5/2 nucleus
using either a hard pulse or obtained with a cw experiment start-
ing from thermal equilibrium would be in a ratio of 0.143:0.228:
0.257:0.228:0.143 or, more simply, 5.0:8.0:9.0:8.0:5.0. With the
transmitter positioned atop the central transition, a pw 90� array
was performed from 0.3 to 4.5 ls on the single crystal of sapphire
and the central transition and both ST1 intensities maximized at a
value of 3.6 ls with the intensities of the ST2s still continuing to
increase very slowly. All of the transition intensities grew mono-
tonically with a sinusoidal dependence with pulse width, as
expected. The intensities of the five transitions using a non-selec-
tive 90� pulse were in the ratio of 6.3:8.1:9.0:8.3:6.3, close to those
expected theoretically.

Shown in Fig. 4 is the 27Al NMR spectra from this single crystal
obtained with a non-sel. 90� pulse acquired under a series of start-
ing conditions. Firstly, with (a) inversion of the populations of one
ST1, which corresponds to inversion of M4;5

z , second (b) with both
ST1s inverted, corresponding to inversion of M2;3

z and M4;5
z , and fi-

nally (c) with inversion of one side of the single crystal spectrum,
i.e., with inversion of M5;6

z followed immediately with inversion



a

b

c

Mx
5,6 Mx

1,2
Mx

4,5 Mx
2,3

Mx
3,4

60
kHz

0 -60

Fig. 4. The 27Al NMR spectra of a single crystal of Al2O3 obtained with a non-
selective 90� pulse with a) inversion of M4;5

z , b) inversion of M2;3
z and M4;5

z and c)
inversion of M5;6

z and M4;5
z . Only a single scan was acquired for each spectrum.

Inversions were performed using HS pulses of duration 5 ms with a bandwidth of
about 16 kHz.
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of M4;5
z . From the spectra shown in Fig. 4 there is no indication that

any of the z-magnetizations have been inverted prior to the ‘‘hard”
observe pulse.

Listed in Table 2 are the calculated intensities of the five transi-
tions for a spin-5/2 nucleus as a function of the flip angle using a
non-selective pulse beginning with the populations at thermal equi-
librium, with the populations of both ST1s inverted, and with the
inversion of M1;2

z and M5;6
z followed immediately by inversion of

M2;3
z and M4;5

z . Also listed are the calculated intensities using the den-
sity matrix approach of each transition starting at thermal equilib-
rium and of the central transition, M3;4

x , when both the populations
of the ST1s are inverted, and when all the populations associated
with the STs are inverted sequentially and observed using a sel.
90� pulse. The reduced intensity obtained from a sel. versus a non-
sel. 90� pulse agrees with that calculated by Schmidt [39], however,
he does point out that different pulse widths are necessary to effect
the same pulse angle for the central transition versus the satellite
transitions. The calculated relative intensities obtained from a
non-sel. 90� pulse are also shown in Table 2 when only the popula-
tions of one ST1 and M1;2

z and M2;3
z are inverted. It is interesting to

note that when a non-sel. 90� pulse is applied, the resulting spectra
are relatively symmetric, i.e., the intensities of M1;2

x = M5;6
x and

M2;3
x = M4;5

x , regardless of the initial population distribution. The
spectra shown in Fig. 4 are consistent with these calculations.
Table 2
Calculated intensities of the five transitions for a spin-5/2 nucleus using non-selective rf pu
conditions.

Thermal equi. Invert both S

Flip angle M1;2
x M2;3

x M3;4
x M1;2

x

9� 0.39 0.63 0.70 0.75
18� 0.77 1.24 1.39 1.34
27� 1.13 1.82 2.04 1.66
36� 1.47 2.35 2.64 1.74
45� 1.77 2.83 3.18 1.71
54� 2.02 3.23 3.64 1.70
63� 2.23 3.56 4.01 1.78
72� 2.38 3.80 4.28 1.95
81� 2.47 3.95 4.44 2.12
90� 2.50 4.00 4.50 2.19
Sel-90� 1.12 1.40 1.50

Invert one ST1 Invert M1;2
z t

90� 2.34 3.38 5.06 2.50
The results of the calculations also show that maximum
enhancement of the CT depends not only on which outer transi-
tions are inverted but also on the manner in which the CT is ex-
cited. For example, when observing the CT with a non-sel. pulse,
maximum CT intensity, 5.62, occurs with a pulse angle of 90� with
both ST1s inverted and not when both sides of the spectrum of a
single crystal are inverted [19]. When observing the CT with a
non-sel. pulse starting with inversion of both sides of the spectrum
of a single crystal, maximum intensity of 5.22 occurs using an 18�
pulse.

Shown in Fig. 5 are the experimental 27Al NMR spectra of a sin-
gle crystal of Al2O3 as a function of pulse width obtained with
inversion of M5;6

z followed immediately by inversion of M4;5
z using

HS pulses. The pulse widths start at 0.18 ls in steps of 0.18 ls with
a pulse width of 1.8 ls corresponding to a non-sel. 90o pulse. The
intensity of the M5;6

x magnetization initially increases with h, max-
imizing in intensity when h = 27�, then decreases to a minimum
when h = 54� and increases again with another maximum at
117�. The intensity of M4;5

x is negative at very small values of the
pulse angle, having maximum negative intensity when h = 18�
(0.36 ls), goes through zero intensity at about 40� and increases
in intensity with maximum intensity at 81�. The intensity of the
CT, M3;4

x , has two maxima of almost equal intensity occurring at
approximately 30 and 90�. The intensity of M2;3

x increases to a max-
imum at around 60� and begins to decrease with increasing flip an-
gle. The intensity of M1;2

x increases monotonically to a maximum at
about a pulse angle of 80�.

Shown in Fig. 6 is the calculated intensity of each transition for
a spin-5/2 nucleus as a function of flip angle from 0 to 180� starting
with inversion of one side of the NMR spectrum of a single crystal,
i.e., first the inversion of M5;6

z then M4;5
z . Even though M5;6

z is in-
verted before the application of the observe pulse, it is interesting
that the intensity calculated for M5;6

x is always positive no matter
what flip angle is used for the observe pulse. This behavior was ob-
served experimentally as illustrated in Fig. 5 as well as the small
inflection point in the intensity at about a flip angle of 50� (i.e.,
pulse width of 1 ls). The intensity of M4;5

x is negative at small pulse
angles with a maximum negative intensity occurring at 18�. The
intensity becomes positive at about 40�, increases to a maximum
at about a flip angle of 60�, and then decreases in intensity with
a minimum at 90�. At 90� the intensities of M1;2

x , M2;3
x , M4;5

x , and
M5;6

x are all equal. There is a second higher maximum that occurs
for the intensity of M4;5

x at a pulse flip angle of about 125� and
the intensity decreases to zero when a 180� pulse is applied. The
behavior of M2;3

x seems to mimic that of M4;5
x but in the reverse

order. Likewise, the behavior of M1;2
x seems to mimic that of M5;6

x

in the reverse order. A similar behavior was also reported in
lses (the calculated intensities from M5;6
x = M1;2

x and M4;5
x = M2;3

x ) under different initial

T1s Invert both sides

M2;3
x M3;4

x M1;2
x M2;3

x M3;4
x

�0.53 1.98 0.36 �1.10 3.28
�0.54 3.19 0.57 �1.41 5.22
0.21 3.30 0.58 �0.56 5.19
1.51 2.60 0.47 1.11 3.59
2.87 1.79 0.44 2.82 1.60
3.77 1.61 0.65 3.78 0.44
3.94 2.35 1.13 3.61 0.75
3.54 3.75 1.76 2.60 2.21
3.00 5.08 2.29 1.48 3.81
2.75 5.62 2.50 1.00 4.50

4.50 7.50

hen M2;3
z

2.50 4.50
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Fig. 5. A series of 27Al NMR spectra of a single crystal of Al2O3 with M5;6
z and M4;5

z inverted as a function of pulse width starting at 0.18 ls in 0.18 ls steps (a 90� pulse = 1.8 ls).
A single scan is taken per spectrum with a 160 s delay between experiments. The CT in each spectrum is marked with an asterisk.
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Fig. 6. A plot of the calculated values using density matrices of the intensities of
each transition versus the pulse flip angle of a non-selective pulse for a spin-5/2
nucleus beginning with the inversion of M5;6
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z . Experimental points, darkened squares,

determined on the 27Al NMR spectrum from a stationary single crystal of sapphire.
B0 = 7.05 T.

168 T.T. Nakashima et al. / Journal of Magnetic Resonance 202 (2010) 162–172
liquid-state NMR studies [59] while following the dependence of
signal intensity on pulse angle in polarization-transfer studies.
Use of small flip angles was found to limit the perturbations to
the transition that was directly affected by the polarization,
whereas the polarization effects observed from read pulse angles
greater than 90� were of the opposite sense [59]. The intensity var-
iation of the CT, M3;4

x , with a flip angle starting with one side in-
verted has three maxima at approximately 27�, 90�, and 153�
with the maximum at 90� slightly higher in intensity and two min-
ima at pulse angles of about 55� and 125�.

Comparison of the calculated intensities, represented by x’s for
the CT, M3;4

x , for a spin-5/2 nucleus versus the experimentally
determined values (Fig. 5), the darkened squares, are shown in
Fig. 7. The agreement between theory and experiment for all of
the other magnetization components, i.e., M1;2

x , M2;3
x , M4;5

x and
M5;6

x (but not shown) is very good at small pulse angles but not
as good at larger values of the pulse angle; however, the overall
experimental trends are reproduced by the calculated values. In
every case, we found the agreement between experimental versus
calculated intensities to be better the higher the rf excitation
power level used. However, use of higher power levels than used
to acquire the spectra shown here resulted in rf arcing of the probe.
The experimental intensity maxima appear to shift toward higher
pulse angles and the intensity trough seems to be shallower than
the theoretical calculations. SIMPSON calculations indicate that
this effect could be reproduced when population inversion was
incomplete. It is quite likely that incomplete inversion is present
in the experiment because of rf inhomogeneity across the one cm
length sample. Moreover, it was found that a larger HS bandwidth
(16 kHz) was necessary for the 27Al NMR experiments than used
for the 23Na NMR case (HS bandwidth = 2 kHz) even though the
resonant separation between the 27Al transitions were approxi-
mately 29 kHz while those in 23Na were about 50 kHz. It is not sur-
prising then that HS population inversion might not be as ‘‘ideal” in
the 27Al NMR case as for the 23Na situation and thus the poorer
agreement between theory and experiment for the Al sample.
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Fig. 8. A plot of the calculated values of the intensities of each transition for a spin-
7/2 nucleus as a function of the flip angle from a non-selective pulse beginning with
inversion of the populations of the transitions on one side of the central transition
(i.e., inversion of M1;2

z followed immediately by inversion of M2;3
z , and then M3;4

z ).
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Fig. 9. A plot of the calculated values of the intensities of each transition for a spin-
7/2 nucleus as a function of the flip angle from a non-selective pulse beginning with
inversion of the populations on both sides (i.e., inversion of M1;2

z and M7;8
z followed

immediately by inversion of M2;3
z and M6;7

z , and then M3;4
z and M5;6

z ).
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4.3. Spin-7/2

For completeness, we show in Table 3 the calculated intensities
for each transition using the density matrix approach of a spin-7/2
nucleus as a function of the pulse angle from 0� to 90� using a non-
sel. pulse starting with both ST1s inverted and with both sides of
the single crystal spectrum inverted. Starting from thermal equilib-
rium, the ratio of the intensities of each transition observed using a
non-sel. 90� pulse is 7.0:12.0:15.0:16.0:15.0:12.0:7.0 as predicted
by Schmidt [39]. Also, the ratio of the intensities calculated using a
sel. 90� pulse to a non-sel. pulse are almost identical to those re-
ported by Schmidt [39]. As shown in the Table, to obtain maximum
CT intensity, 9.82, using non-sel. pulses starting with inversion of
both sides of the NMR spectrum of a single crystal, a pulse angle of
18� should be used. When observing the CT with a sel. pulse, for max-
imum intensity, i.e., 14.0, a 90� sel. pulse should be used with both
sides of the NMR spectrum inverted. Shown in Fig. 8 are the plots
of the calculated intensities for each transition for a spin-7/2 nucleus
as a function of pulse angle from 0� to 180� starting with inversion of
the populations of one side of the CT transition (i.e., inversion of M1;2

z ,
followed by inversion of M2;3

z and finally with inversion of M3;4
z ).

In Fig. 8 the main features are that the magnetizations respond in
pairs as was found for the spin-5/2 case. That is, the variations of the
intensity with pulse flip angle when M1;2

z , M2;3
z , and M3;4

z are sequen-
tially inverted prior to the observe pulse, M1;2

x mimics that of M7;8
x ex-

cept their behavior is a mirror image: similarly for the behavior of the
magnetizations of M2;3

x and M6;7
x , M3;4

x and M5;6
x . Maximum negative

intensity for ST1, M3;4
x , occurs near 18�, and for its partner, M5;6

x , at
an angle of 162�. Three maxima occur for the intensity of M3;4

x at an-
gles 50�, 90� and 150� with minima at 18�, 63� and 117�. There are
four flip angles which produce the maximum intensity for the CT,
namely at 18�, 72�, 108� and 162� with corresponding minima occur-
ring at pulse angles of 40�, 90� and 140�.

Shown in Fig. 9 are the plots of the calculated intensities as a
function of pulse flip angle (0–180�) using the density matrix
method from a non-sel. pulse for each transition expected for a
spin-7/2 nucleus obtained from a single crystal when starting with
both sides of the spectrum inverted. The maximum intensity of
M1;2

x (also equivalent to M7;8
x ) occurs at a pulse angle of 90� with

inflection points near 36 and 144�; M2;3
x (= M6;7

x ) has two maxima
at angles 63� and 117� with minor maxima at 18� and 162�; M3;4

x

(= M5;6
x ) has three maxima at angles 45�, 90� and 135� with minima

at 9� and 171� and also at 63� and 117�; the CT, M4;5
x , intensity has

four maxima at 18�, 67�, 112� and 162� with corresponding min-
ima at 45�, 90� and 135�.
Table 3
Calculated intensities of the transitions for a spin-7/2 nucleus using selective and
non-selective pulses (M7;8

x = M1;2
x , M6;7

x = M2;3
x , M5;6

x = M3;4
x ) under different initial

conditions.

Thermal equilibrium

M1;2
x M2;3

x M3;4
x M4;5

x

90� 3.5 6.0 7.5 8.0
Sel-90� 1.3 1.7 1.9 2.0

Invert both ST1s Invert both sides

Flip angle M1;2
x M2;3

x M3;4
x M4;5

x M1;2
x M2;3

x M3;4
x M4;5

x

9� 0.57 1.73 �0.83 3.31 0.55 0.78 �2.80 7.66
18� 1.20 2.74 �0.01 4.48 1.05 0.84 �2.17 9.82
27� 1.88 2.98 2.46 3.52 1.39 0.51 1.83 6.15
36� 2.44 3.08 4.95 2.56 1.45 0.90 5.75 1.42
45� 2.78 3.64 5.97 3.49 1.32 2.58 6.47 0.48
54� 2.91 4.63 5.60 6.06 1.26 4.75 4.30 3.65
63� 2.93 5.47 5.30 8.24 1.60 5.79 2.44 7.05
72� 2.96 5.69 6.14 8.46 2.35 4.95 3.33 7.28
81� 3.03 5.43 7.66 7.25 3.15 3.16 6.03 4.92
90� 3.06 5.25 8.44 6.50 3.50 2.25 7.50 3.50
Sel-90� 6.00 14.0
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Fig. 10. A plot of the calculated values of the intensities of ST1 (M1;2
x , M2;3

x and M3;4
x )

for spin-3/2, -5/2 and -7/2 nuclei, respectively, shown as open circles, darkened
diamonds and darkened squares, respectively, as a function of flip angle starting
with inversion of the ST1 (M1;2

z , M2;3
z and M3;4

z , for spin-3/2, -5/2 and -7/2,
respectively).
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Finally, shown in Fig. 10 is a plot of the calculated intensities of
ST1 as a function of flip angle ranging from 0� to 180� obtained
from spin-3/2 (M1;2

x ), spin-5/2 (M2;3
x ) and spin-7/2 (M3;4

x ) nuclei
when the populations of this ST1 transition are inverted. The pulse
angle resulting in maximum negative intensity from each nucleus
for the ST1 transition occur at an angle of 27�, 18� and 9� for spin-3/
2, -5/2 and -7/2, respectively. This means that when illustrating the
effects of population inversion of nuclear energy states using the
NMR spectra from single crystals as test cases, one must be careful
of the non-sel. pulse angle used. The results illustrated here indi-
cate that it may be impossible to demonstrate inversion of popula-
tions for spin systems with I > 7/2 using single crystals.

5. Conclusions

We have shown both experimentally and theoretically that
there is an extreme flip-angle dependence of the intensities for each
of the transitions of spin-3/2 and -5/2 nuclei when observing the
NMR spectra obtained from single crystals applying non-selective
pulses to non-equilibrium states. An intensity ratio of approxi-
mately 1:0:1 is observed from the 23Na NMR transitions obtained
from a single crystal of NaNO3 using a non-selective 90� pulse
immediately after inversion of the populations of both satellite
transitions. The flip-angle dependence may be reproduced via den-
sity matrix calculations. Similarly, for the spin-5/2 nucleus, the flip-
angle dependence of the observed intensities from the 27Al NMR
spectra of a single crystal of Al2O3 may be reproduced with these
calculations. It is also shown that to obtain maximum CT intensities
the populations of the STs of the NMR spectrum of a single crystal
must be inverted sequentially prior to observation with a selective
90� pulse. These conditions may be reproduced quite easily exper-
imentally for single crystals but probably not for powdered samples
because of the resulting powder pattern spectrum generated by the
orientation dependence of the transition frequencies of the many
crystallites within the sample. We include for completeness the
theoretical results of the flip-angle dependence obtained from a
spin-7/2 nucleus and the Wigner rotation matrix for I = 9/2.

We believe that the flip-angle dependence shown here both
experimentally and theoretically for single crystals leads to valu-
able insights into using inversion pulses for sensitivity enhance-
ment of the CT for half-integer spin quadrupolar nuclei in solid-
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state NMR studies [29]. In particular, this study illustrates that
one should use selective 90� pulses in order to obtain the maxi-
mum enhancement for the CT using population transfer experi-
ments. As well, we believe the calculations serve as a valuable
pedagogical application of density matrix theory.
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Appendix A. Wigner rotation matrix

A.1. Spin-5/2
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[32] E. Kupče, R. Freeman, Stretched adiabatic pulses for broadband spin inversion,
J. Magn. Reson. A 117 (1995) 246–256.
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